Abstract-This paper presents the design and evaluation of a nonlinear control scheme for multirotor helicopters that takes first-order drag effects into account explicitly. A dynamic model including the blade flapping and induced drag forces is presented. Based on this model, a hierarchical nonlinear controller is designed to actively compensates for the nonlinear effects these drag forces. Reported simulation and experimental results indicate the significant performance improvement of the proposed drag-augmented control scheme with respect to a conventional nonlinear controller. For completeness, an offline procedure allowing for efficiently identifying the drag parameters is proposed.
I. INTRODUCTION
In early works on modeling of small-scale multirotor helicopters [6] , the interaction between the propellers and the vehicle's dynamics was often neglected, in particular the blade flapping and induced drag dynamics. In fact, these aerodynamic phenomena have been thoroughly studied in the literature for classical, large-scale helicopters (e.g. [14] ). Only recently have these aerodynamic drag forces been taken into account for the modeling of small-scale quadrotors [13] , [10] , [1] , [9] . So far, the flapping dynamics of multirotor UAVs have been used mainly for estimation purposes, i.e. to improve the estimation of the translational velocity of a multirotor system [1] or for a better understanding the role of accelerometer measurement in feedback control [10] .
Even though these drag forces are significant, they have been mostly neglected in the design of a control scheme. This might be due to the fact that these forces are of a dissipative nature and contribute to the stability of the vehicle during hovering. However, during trajectory tracking these forces become a disturbance and should be accounted for in the control design for an improved flight performance.
In [13] , [10] and [1] , some linear controllers are proposed that are taking into account the first order drag forces. The UAV model is linearized at hovering and the controllers are derived using classical linear control methods.
Inspired by those works, a drag-augmented nonlinear control approach is developed for a high tracking performance, while ensuring a large domain of stability. The particularity and difficulty of the control design are typically related to the fact that the first-order drag forces depend on the UAVs orientation that may result in the non-existence of a closed form control solution. The solution proposed in the present paper concerns an appropriate change of variables that allows one to approximately rewrite the system dynamic equation, in which the new external force vector is no longer a function of the UAVs orientation.
We show that, during trajectory tracking, these drag forces are a significant disturbance to classical controllers and are typically counteracted using an integral control term. Since this disturbance is not slowly time-varying, this integral action can result in unsatisfying control performance. The drag-augmented controller takes into account these forces, thus reducing the need for integral control action, which results in an improved control performance.
Due to its cascaded structure, the proposed control scheme is simple to implement and tune, with a real-time computational effort comparable to the one required with linear controllers. It can be viewed as a natural extension of linear controllers and, therefore, be tuned using linear control gain optimization techniques.
II. SYSTEM MODELING This section presents the mathematical flight model used throughout this work. The most basic multirotor helicopter configuration consists of a rigid airframe with two pairs of counter-rotating rigid propellers attached to it. Control of this platform is achieved by varying the rotational speed of the rotors. While such a four-rotor configuration already allows for full actuation of the vehicle's attitude, this configuration can be scaled up to an arbitrary number of rotors, however, the configuration should always consist of a multiple of counter-rotating rotor pairs for torque balancing reasons. In Fig. 1 , a schematic of the Flybox hexacopter, used for the experimental validation of the proposed control scheme, is depicted. Fig. 1 . Schematic representation of a six-rotor UAV platform. Inertial frame with origin O is denoted I and the body-fixed frame with origin G is denoted B.
First, the following notation is introduced (see Fig. 1 ). The vehicle's center of mass (CoM) is denoted as G, its mass m,
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e. world frame) and the frame attached to the vehicle (i.e. bodyfixed frame), respectively. Let ξ ∈ R 3 denote the position of the vehicle's CoM expressed in I. The rotation matrix representing the orientation of the frame B relatively to the frame I is R ∈ SO(3). The vehicle's velocity and the wind velocity are both expressed in the frame I are denoted asξ ∈ R 3 andξ w ∈ R 3 , respectively. The vehicle's velocity in the body-fixed frame is v = R ⊤ξ . Let ω ∈ R 3 be the angular velocity of the frame B expressed in B.
Let ̟ i ∈ R denote the angular velocity of the rotor of index i. The radius of the propeller is denoted as r. The canonical basis of R 3 is denoted {e 1 , e 2 , e 3 }.
⊤ ∈ R 3 be the displacement of the i-th rotor from the vehicles CoM expressed in the body-fixed frame B. We define d
⊤ ∈ R 3 as the component of d i perpendicular to e 3 . The notation × represents the skew-symmetric matrix associated with the cross product, i.e.
A. Dynamic Model of Vehicle
Following the model proposed in [6] , the i-th rotor, turning at ̟ i , generates a thrust force F t,i = T i e 3 , with T i = c T ̟ 
. Additionally, each rotor imposes a drag force F d,i on the vehicle due to blade flapping and induced drag, as explained in more detail in Sec. II-B. The remaining aerodynamic forces and torques (mostly due to form drag caused by the fuselage) are summed up in a vector F aero ∈ R 3 and Γ aero ∈ R 3 respectively. The vehicle is subject to gravity mge 3 .
Applying the Newton-Euler formalism, one obtains the following equations of motion of the vehicle [8] :
with F i the sum of thrust and drag force generated by each rotor, i.e.
B. Rotor Aerodynamics
Blade flapping and induced drag are of significant importance for understanding the natural stability of multirotor systems. These forces require special attention since they act on the rotor plane and thus affect the underactuated translational dynamics of the UAV. Aerodynamic drag due to blade flapping affects the UAV in forward flight. More precisely, when the UAV is in forward flight, the advancing rotor blade has a higher tip velocity and will therefore generate more lift than the retreating blade. Since the rotor blades are not completely rigid, the advancing blade rises Fig. 2 . Aerodynamic drag due to blade flapping. Difference in relative wind speed in forward flight for the advancing and retreating rotor blade causes the rotor plane to tilt, thus causing a force pointing in the opposite direction. Schematic inspired by [9] .
due to the increased lift as it advances into the direction of flight and the retreating blade as it moves in the opposite direction. This up-down movement (flapping) of the blade remains in an equilibrium in a constant speed forward flight. In this equilibrium, the rotor will have a constant tilt-angle away from the forward velocity of the UAV. Since the thrust of the rotor is perpendicular to the tilted rotor plane, the horizontal component of the thrust can be seen as a damping force counteracting the current forward velocity, as depicted in Fig. 2 . For any kind of airfoil generating lift, there is an associated induced drag proportional to the lift that it produces, as depicted in Fig. 3 . This is due to the fact, that the lift generated by the airfoil is tilted backwards by an angle corresponding to the induced downwash angle. During hovering, the forces are equally distributed and are responsible for the aerodynamic torque Q i . However, in forward flight, the advancing blade experiences more lift and therefore generates more induced drag as the retreating one. This results in a net force that is opposing the current forward velocity.
Rotor blades on small-scale multirotor helicopters are usually hingeless, i.e. they have no articulated rotor head. However, since they are usually not rigid, the aerodynamic and inertial forces on the rotors during flight can cause the rotors to bend.
We can write the blade flapping dynamics as instantaneous functions of the vehicles velocity since the blade flapping dynamics are very fast compared to the vehicle dynamics. To model the effect of blade flapping on the vehicle, we first compute the advance ratio µ ri and azimuthal direction ψ ri of each rotor
where v ri is the linear velocity that the i-th rotor hub experiences. Proposed by [13] , [9] , the lateral and longitudinal flapping angles a i and b i can be computed as
with c a and c b denoting some positive parameters. One deduces that
where the last approximation is justified by the fact that the vehicle's velocity is small compared to the propeller tip velocity so that the term
2 can be neglected compared to 1. From here, one verifies that 
We can further simplify Eq. (2) to
by assuming that the wind speedξ w is negligible, the vertical distance of the rotor plane to the CoM is very small (d 3,i ω×e 3 ≈ 0) and that the yaw angular rates of the vehicle are negligible (
The drag force caused by the induced drag in forward flight can be modeled by
where c dx , c dy are the induced drag coefficients [9] . Due to the similar nature of the drag terms caused by flapping and induced drag, we can summarize all the drag in a lumped parameter model as
Equivalently to the translational dynamics, the effect of the drag forces on the rotational dynamics can be expressed as
C. Model for Control Design and Rate Control
The UAV model (1) can be rewritten as
where F e and Γ e are the sum of all the acting forces and moments on the vehicle except the thrust force T Re 3 and the torque Γ by the rotors defined by Eqs. (3) and (7) respectively.
From Eqs. (3) and (7), one can view T ∈ R + and Γ ∈ R 3 as control inputs of System (8) . For N mounted rotors, we can rewrite Eq. (3) as a linear mapping from the square of the propellers' angular velocity to the total thrust T and torque Γ:
. . .
If N = 4 one can determine the desired angular rates of the rotors by inverting (9) . When the UAV is actuated by more than four rotors, the set of equations (9) is overdetermined and the Moore-Penrose pseudo-inverse method can be used to determine the desired angular velocities of the propellers. Besides, improvements for the Moore-Penrose pseudo-inverse are reported in recent studies [2] , [16] . System (8) shows full actuation of the rotational dynamics and underactuation of the translational dynamics. For the rotational motion, exponential convergence of the angular velocity ω to any bounded desired value ω d is easy to obtain, since the subsystem Σ 2 is fully actuated and the angular velocity vector ω can be measured at high frequency by an onboard gyroscope. A possible control solution is [15] 
with a diagonal positive gain matrix K ω . The disturbance torque Γ e , caused mainly by parasitic, flapping and induced drag forces, is counteracted by a sufficiently large gain K ω . From here on, all attention of the control design can be given to the control of the subsystem Σ 1 using T and ω ≡ ω d as control inputs. Figure 4 shows the proposed cascaded control structure for several control modes associated with different levels of motion autonomy. The hierarchical control approach adopted here is inspired by the two control approaches proposed in [8] and [12] . A "low-level" fast inner-loop stabilizes the vehicle's thrust direction (i.e. thrust magnitude + thrust orientation) and a "high-level" slow outer-loop controls the translational dynamics. This control strategy is based on the principles of: (i) using the thrust magnitude and the vehicle's thrust orientation as intermediary control variables to control the translational dynamics, and (ii) applying a high-gain controller to stabilize the desired thrust direction using the angular velocity as control input. 
III. HIERARCHICAL NONLINEAR CONTROL ARCHITECTURE

A. Inner-loop Thrust-direction Control
The objective is to stabilize the thrust orientation η := Re 3 ∈ S 2 to a given desired unit vector η d ∈ S 2 which can be specified either by a remote control or by the intermediary control of the outer-loop (see Fig. 4 ). This objective is achieved by computing the first and second components of the desired angular velocity
⊤ as follows [8] :
(11) with a positive gain k η . Exponential stability of the equilibrium η = η d is ensured, provided that η(0) = −η d (0) (see [8] for the proof). The control law (11) indicates that only the first two components of ω d , i.e. ω d,1,2 , are involved in the realization of the thrust orientation control objective. Thus, the remaining component of ω d , i.e. ω d,3 , can be used for a complementary objective related to the yaw motion.
B. Outer-loop Position Control
The objective consists in stabilizing the vehicle's position ξ to a reference trajectory defined by ξ r ∈ R 3 by using the thrust intensity T and the thrust orientation η ≡ η d as control inputs. Denoteξ := ξ − ξ r the trajectory tracking error andξ :=ξ −ξ r the velocity error.
Using (8a) one obtains the following translational error dynamics:
with the external acceleration γ e := F e /m. Eq. (12) can be rewritten as
with h : R 3 → R 3 a bounded function chosen in order to makeξ = 0 a globally asymptotically stable equilibrium of the equationξ = −h(ξ,ξ). We now have to ensure the asymptotic stability of mγ − T η = 0. To this end, assuming that γ does not vanish, we propose the following outer-loop control:
and apply the inner-loop control ω d,1,2 defined by (11) . In traditional literature on control of small-scale UAVs, gravity is considered to be the only external force acting on the system. In this case, the computation of the desired acceleration γ is straight-forward. If the flapping and induced drag forces are included, the computation of γ becomes more involved. This is due to the fact that the drag forces are a function of the orientation R of the UAV. With the inclusion of the drag forces in the controller, the desired acceleration, which determines the desired orientation of the UAV, is now a function of the orientation itself. As a consequence, a closed form solution for the desired acceleration may not exist (see [8] , [7] for more discussions on this issue). In section III-C, we discuss a novel solution to this issue. For now, we assume that we approximately know the external acceleration γ e and that it is independent of both the thrust magnitude T and the rotation R.
Note that the desired thrust orientation η d given in (14) is not well-defined if the term γ vanishes (see [8] , [7] for more discussions on this issue). In order to limit the risk of a vanishing γ, a function h(ξ,ξ) is chosen to be uniformly smaller in norm than the gravity constant g (corresponding to the norm of γ e when hovering in the absence of wind). We propose to consider:
with the classical saturation function sat ∆ (x) := x min(1, ∆/|x|) ∀x ∈ R n , and with k To further add robustness with respect to the imprecise knowledge of γ e and other unmodeled dynamics, an integral term should be incorporated into the control law. To this end and also to limit the integral wind-up effects largely discussed in the literature (e.g. [8] , [17] ), the following bounded integrator is introduced (similar to the one proposed in [8] ):
with γ replaced by γ z and apply the inner-loop control (11) of ω d,1,2 in order to ensure the convergence ofξ z to zero. From here, using the definition ofξ z and the dynamics of z (16), it is not difficult to show the convergence ofξ to zero (see [8] for a similar proof).
C. Including Blade Flapping and Induced Drag
When drag forces due to blade flapping and induced drag are incorporated in the control design, one may include them in the external force as F e = mge 3 − T RA drag R ⊤ξ . However, as explained in Sec. III-B, the desired acceleration, which determines the desired thrust orientation η d = (Re 3 ) d of the UAV, is now a function of the orientation. Therefore, a closed form solution for the desired acceleration may not exist. However, we can rewrite the drag forces as
where v 3 is the vehicles velocity in e 3 direction in the bodyfixed frame and assuming that the vehicle is symmetrical c dx = c dy = c d . Additionally, we assume that the coefficient c b is very small compared to c a +c d and therefore negligible.
Revisiting the translational dynamics model Eq. (8a), we can now include the drag forces as
Furthermore, the additive drag term can be rewritten as
assuming that the offset δ between the magnitude of the actual thrust and the hovering thrust is small and is compensated by the integral term in the controller when the UAV is moving at constant velocity. In case of a varying velocity, the tracking error is compensated by a sufficiently large gain of the D-part of the controller.
By inspection of Eq. (18), we can now compute the augmented thrust vector magnitudeT that compensates for the drag byT
Equivalently, the external acceleration γ e is now
The drag-compensated external acceleration can now be incorporated in the position controller Eq. (17) . The magnitude of the thrust vector is then computed using Eq. (14) and subsequently drag compensated using Eq. (20).
IV. RESULTS
A. UAV Platform
The presented control scheme is implemented and evaluated on the Flybox hexacopter UAV designed and built by Skybotix AG. The UAV is depicted in Fig. 5 . The mechanical, electrical and software setup of the platform are described in detail in [5] , the general description of the control setup, as used for these experiments is found in [3] . Table I depicts the specifications of the Flybox UAV that are also used in simulation. 
B. Identification Drag Coefficient
In order to compensate for the blade flapping and induced drag in the control scheme, we first identify the lumped drag coefficient (c a + c d ) in a batch-estimation offline scheme.
We can show that the accelerometer output and the vehicle's velocity can be directly related to the drag coefficient. The accelerometer output a m ∈ R 3 is composed of the gravity vector g e 3 , the linear accelerationξ in the inertial frame as well as a slowly time-varying accelerometer bias b a ∈ R 3 and measurement noise n a in the body-fixed frame and can be expressed as
Combining this accelerometer model with the translational UAV model (18), which includes the drag dynamics, one can write
(23) where v 1 and v 2 are the velocities in direction e 1 and e 2 in the body-fixed frame.
If the thrust magnitude T is not known, the UAV's altitude can be set to a constant value during the system identification flight and it can be assumed that the thrust T is approximately mg. This assumption is justifiable as long as the UAV is close to hovering, e.g. the roll and pitch angles are small and the horizontal velocities do not exceed 1m/s . The latter requirement is also justifiable by the fact that at velocities larger 1m/s , the second order body-drag becomes apparent.
To identify the lumped drag parameter, we perform a UAV flight in a motion tracking system which provides highprecision pose information at 200 Hz. The pose is fused with the onboard IMU in an EKF [4] 1 to obtain an estimate of the accelerometer bias and body velocity.
By inspection of Eq. (23), the lumped drag parameter can be identified using linear least squares:
where (a m − b a ) ,i and v ,i denote the bias corrected accelerometer and body velocity measurement at timestep i during the identification flight.
In Fig. 6 , the estimation of the drag parameter for the Flybox UAV is visualized. The lumped drag coefficient g(c a + c d ) corresponds to the slope of the fitted line. In the lower plot, the velocity estimated from the Vicon system is compared to the velocity that is predicted using the accelerometer output and the drag model Eq. (23). 
C. Simulation Results
First, the proposed control scheme is evaluated in a set of simulations. The dynamics of the simulated UAV flight are governed by Eqs. (1) and (2) . The motors are modeled as a linear first-order system. Additionally, a second-order aerodynamic drag force is included and is modeled as 1 It has to be noted that a motion tracking system is not necessary for system identification since this EKF is able to estimate v and ba using a low-cost position sensor (e.g. GPS sensor) only.
F aero = −c aero |ξ|ξ. The drag coefficient c aero is considered to be constant and independent of the angle of attack of the relative airflow with respect to the UAV. The coefficients used in simulation reflect the values that have been identified for the vehicle used in the real experiments and are depicted in Tab. I.
1) Response to Position Reference Ramp:
In a first experiment, the response of the controller to a ramp input in position reference is evaluated. The experiment starts with the UAV in hover. At t = 1 s, the UAV starts moving with a reference velocity |ξ r | = 1 m/s in e 1 direction. At t = 11 s, the UAV position setpoint is set to hover again. If the flapping compensation is disabled, the UAV is a bit "behind" the setpoint, as depicted in Fig. 7 . Using the integral control term, the UAV will eventually approach the moving position setpoint with the integral term counteracting the approximately constant drag force. When the setpoint comes to a stop at t = 11 s, there is a significant overshoot due to the integrator which is still compensating for the (now non-existing) drag force. With the flapping compensation enabled, the UAV realized (almost) perfectly the tracking control objective.
The experiment is repeated using a larger velocity setpoint |ξ r | = 3 m/s in e 1 direction, as depicted in Fig. 8 . While the drag-compensated controller still outperforms the classical controller, the drag-compensated controller now shows imperfect trajectory tracking. This is due to two effects. Firstly, the second order drag effects become significant at such speeds and act as a disturbance on the trajectory tracking. Secondly, the assumption made in Eq. (19) , that the thrust is approximately mg at hovering, is violated. At such speeds, the required thrust is around 20% higher than the hovering thrust only due to the flapping and induced drag. This difference as well as the influence of the second order drag has to be compensated again by the integrator and can be clearly seen in the time response of the controller. By assuming that the second order drag is independent of the orientation of the UAV, this force could be included in the controller by extending the external acceleration to 
D. Experiments
The performance of the proposed hierarchical position control scheme is evaluated on the hexacopter platform Flybox indoors in a Vicon motion tracking system. The full pose of the UAV and its velocity is estimated on-board the UAV by fusing position and attitude from the Vicon with the accelerometer and gyrocope output from the IMU in an EKF [4] . Due to space limitations of the motion tracking room, the control scheme is evaluated via a step input in position. In Fig. 9 , the step response of the controller with and without the drag augmentation is depicted. The initial control error on both controllers can be attributed to the low-pass behaviour of the motors and the inertia of the UAV 2 . Once the UAV picks up speed, the drag-augmented controller outperforms the traditional controller due to the drag compensation and converges faster to the setpoint.
V. CONCLUSIONS In this paper, the design and evaluation of a novel nonlinear flight control system for multirotor UAVs is presented and 2 The Flybox UAV used in the experiment is traditionally used for industrial inspection and has an moment of inertia which is a magnitude larger than the inertia of the AscTec Hummingbird, usually used in such experiments [11] . evaluated. We show that the control performance of the UAV during trajectory tracking is affected significantly by drag forces due to blade flapping and induced drag. The presented cascaded nonlinear control scheme takes into account the nonlinear nature of these aerodynamic drag forces while being respectful of the UAV's motion in 3D-space thus allowing for a large domain of operation. We show in both simulation and in real experiments that the drag-augmented control scheme improves trajectory tracking performance and reduces the need for integral control action.
